Correspondences in complex dynamics by Bullett, Shaun et al.
Correspondences in complex dynamics
Shaun Bullett, Luna Lomonaco and Carlos Siqueira
In memory of Welington de Melo, whose intellectual honesty
inspired us all.
Abstract
This paper surveys some recent results concerning the dynamics of two
families of holomorphic correspondences, namely Fa : z → w defined by
the relation(
aw − 1
w − 1
)2
+
(
aw − 1
w − 1
)(
az + 1
z + 1
)
+
(
az + 1
z + 1
)2
= 3,
and
fc(z) = z
β + c, where 1 < β = p/q ∈ Q,
which is the correspondence fc : z → w defined by the relation
(w − c)q = zp.
Both can be regarded as generalizations of the family of quadratic maps
fc(z) = z
2 + c. We describe dynamical properties for the family Fa
which parallel properties enjoyed by quadratic polynomials, in particu-
lar a Bo¨ttcher map, periodic geodesics and Yoccoz inequality, and we give
a detailed account of the very recent theory of holomorphic motions for
hyperbolic multifunctions in the family fc.
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1 Introduction
A holomorphic correspondence on the Riemann sphere is a relation z 7→ w
given implicitly by a polynomial equation P (z, w) = 0. Any rational map is an
example of a holomorphic correspondence. Indeed, if f(z) = p(z)/q(z), then
w = f(z) iff P (z, w) = 0, where P (z, w) = wq(z) − p(z). In particular, the
family of quadratic polynomials fc(z) = z
2 + c (parametrized by c ∈ C) can
be regarded as an analytic family of holomorphic correspondences. The grand
orbits of any finitely generated Kleinian group can also be regarded as those of
a holomorphic correspondence.
This paper is concerned with two families of holomorphic correspondences
which generalize quadratic polynomials in different ways. The first is the family
Fa : z → w defined by(
aw − 1
w − 1
)2
+
(
aw − 1
w − 1
)(
az + 1
z + 1
)
+
(
az + 1
z + 1
)2
= 3, (1)
where a ∈ C and a 6= 1, introduced in the early nineties by Bullett and Penrose
[1]. They proved:
Theorem 1.1 For every a in the real interval [4, 7], the correspondence Fa is
a mating between some quadratic map fc(z) = z
2 + c and the modular group
Γ = PSL(2,Z),
and conjectured that the connectedness locus for this family is homeomorphic
to the Mandelbrot set.
The second family is
fc(z) = z
β + c, c ∈ C, (2)
where β > 1 is a rational number and zβ = exp 1q (log z
p). If β = p/q in lowest
terms, then each member of the family (2) of multifunctions is a holomorphic
correspondence, defined by the relation (w−c)q = zp. Hence fc maps every z 6= 0
to a set consisting of q points. If p and q are not relatively prime, we shall use
the notation zp/q + c to express the holomorphic correspondence (w− c)q = zp.
Thus z2 + c and z4/2 + c denote different correspondences.
In this paper we describe the dynamics of holomorphic correspondences from
various perspectives, exploring the concepts of hyperbolicity and holomorphic
motions for (2) and describing results concerning a Bo¨ttcher map, periodic
geodesics, and a Yoccoz inequality for the family of matings (1). As we shall
see, the techniques involved in the two studies are independent, but as we have
already noted, both families can be viewed as generalizations of the quadratic
family, and our techniques for studying them are motivated by the notions of
hyperbolicity, external rays, Yoccoz inequalities and local connectivity, which
are inextricably related to one another in the study of quadratic polynomials
fc(z) = z
2 + c. For this reason, it will be convenient to start by recalling some
well known facts, techniques and open questions concerning this celebrated
family of maps. Excellent sources for details are the books of Milnor [2] and
de Faria and de Melo [3]. An overview of a century of complex dynamics is
presented in the article by Mary Rees [4].
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1.1 Dynamics of quadratic maps
Consider the action of fc(z) = z
2 + c on the Riemann sphere Ĉ. For any
polynomial of degree d ≥ 2 acting on Ĉ, the point z = ∞ is a superattracting
fixed point. Let Ac denote its basin of attraction. The filled Julia set Kc = Kfc
is the set of points with bounded orbit, that is Kc = Ĉ \ Ac. The Julia set
Jc = Jfc is the common boundary of these regions: Jc = ∂Kc = ∂Ac. The
Mandelbrot set M is the connectedness locus of the family fc(z) = z
2 + c; in
other words, the set of all parameters c ∈ C such that Jc is connected.
On the basin of attraction Ac, the quadratic polynomial fc is conformally
conjugate to the map f0(z) = z
2 by the so-called Bo¨ttcher map ϕc (tangent to
the identity at infinity). In the case Jc (or equivalently Kc) is connected, the
Bo¨ttcher map extends to a conformal conjugacy:
ϕc : C \Kc → C \ D1
(An analogue of this map for the family Fa will appear in Section 2.4.) The
external ray Rcθ ∈ C \ Kc with argument θ ∈ R/Z is the preimage under the
Bo¨ttcher map ϕc of the half-line te
2piiθ ∈ C \ D1, with t ∈ (1,∞). When
lim
t→1+
ϕ−1c (te
2piiθ) = z,
we say that Rcθ lands at z. We know that rational rays land [2, 5], and that
repelling and parabolic periodic points are landing points of at least one and at
most finitely many rays [2]. By Carathe´odory’s theorem, if Jc is locally con-
nected, then every external ray lands. We remark that the Bo¨ttcher map and
external rays can also be defined for degree d polynomials, and in this case as
well rational rays land and repelling and parabolic periodic points are landing
points [2]. (Hyperbolic geodesics play an analogous role for the family Fa and
enjoy similar properties to external rays, see Section 2.4).
Using the Bo¨ttcher map, Douady and Hubbard constructed a conformal
homeomorphism between the complement of the Mandelbrot set and the com-
plement of the closed unit disk:
Φ : C \M → C \ D1
c → ϕc(c),
proving that the Mandelbrot set is compact and connected [5]. This isomor-
phism also allows the definition of parameter space external rays: the parameter
ray of argument θ is Rθ = Φ−1(R0θ). If M is locally connected, then every exter-
nal ray lands. Conjecturally, the Mandelbrot set is locally connected (which we
write MLC). This topological conjecture is crucial in one dimensional complex
dynamics, since it has been proved ( [6]) to imply density of hyperbolicity for
the quadratic family. A rational map is called hyperbolic when all its critical
points are attracted to attracting cycles. Hyperbolic maps are among the best
understood rational maps. Indeed, if the quadratic polynomial fc is hyperbolic
then (i) every orbit in the interior of the filled Julia set Kc (if non-empty) con-
verges to the finite attracting cycle (which is unique since fc is quadratic); (ii)
every orbit outside Kc converges to ∞; and (iii) fc is expanding and topolog-
ically mixing on the Julia set Jc = ∂Kc. A major conjecture in holomorphic
dynamics is:
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Conjecture 1.1 (Density of hyperbolicity) The set of hyperbolic rational
maps is open and dense in the space of rational maps Ratd of the same degree.
A version of this conjecture dates back to Fatou, and for this reason Conjecture
1.1 is often known as the Fatou conjecture. Note that it concerns density of
hyperbolicity, since openness of the set of hyperbolic maps is known.
Strongly related to hyperbolicity is the concept of structural stability. A
map fa is structurally stable if fc is topologically conjugate to fa, for every c in
an open set containing a. For rational maps on the Riemann sphere J-stability,
which roughly speaking means stability on a neighborhood of the Julia set, is
usually considered [4]. Man˜e´, Sad and Sullivan [7] have shown that the set of
J-structurally stable rational maps is open and dense in the space of rational
maps Ratd of the same degree. Since in any family of holomorphic maps the
set of hyperbolic parameters forms an open and dense subset of the J-stable
parameters, Conjecture 1.1 is equivalent to the following (see [8]):
Conjecture 1.2 A J-stable rational map of degree d is hyperbolic.
For quadratic polynomials, Conjecture 1.1 claims that the set of c such that
fc(z) = z
2 + c is hyperbolic is an open and dense subset of the complex plane.
On the other hand, density of J-stability implies that each of the infinitely
many components U of C\M is the parameterization domain of a holomorphic
motion hc : Ja → Jc, c ∈ U (holomorphic motions are defined in Section
3.1), with base point a ∈ U arbitrarily fixed, and every hc being a quasi-
conformal conjugacy. If U is a component of C\∂M having one point a for which
fa(z) = z
2 + a is hyperbolic, then fc is hyperbolic for every c in U , and thus in
the quadratic setting density of hyperbolicity is equivalent to conjecturing that
every component of C \ ∂M is hyperbolic. Note that, since J0 = S1, it follows
that Jc is a quasicircle (image of S1 under a quasiconformal homeomorphism)
for every c close to zero (more precisely, for every c in the same hyperbolic
component as c = 0). (A generalization of this fact for zβ + c is given by
Theorem 3.3).
In the late eighties J.-C. Yoccoz made a major contribution towards the
MLC conjecture, proving that MLC holds at every point c ∈ ∂M such that
fc is not infinitely renormalizable. A key ingredient is what is now known as
the Yoccoz inequality. It can be shown that if z is a repelling fixed point for a
degree d polynomial P with connected filled Julia set, then just finitely many
external rays γi, say q
′, land at z. Each γi is periodic with the same period,
and there exists p′ < q′ such that P ◦γi = γi+p′ for any i. The number of cycles
of rays landing at z is m = gcd(p′, q′), and θ = p/q = (p′/m)/(q′/m) is called
the combinatorial rotation number of P at z.
Theorem 1.2 (Yoccoz-Pommerenke-Levin inequality [9–11]) If z is a
repelling fixed point of a degree d polynomial P with connected filled Julia set,
and θ = p/q is its combinatorial rotation number in lowest terms, then
Re τ
|τ − 2piiθ|2 ≥
mq
2 log d
, (3)
for some branch τ of logP ′(z).
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(A Yoccoz inequality for the family Fa is developed by the first two authors
in [12]; see Theorem 1.3. While the original Yoccoz inequality is proven for
degree d polynomials, and so applies to iterates of degree 2 polynomials and
hence to periodic orbits, an inequality of the form presented in Theorem 1.3
has so far only been proved for repelling fixed points.)
In 1994, C. McMullen made a deep contribution toward MLC, by proving
that every component of the interior of the Mandelbrot set meeting the real
axis is hyperbolic [8]. In the late nineties, M. Lyubich [13], and independently
Graczyk and Swiatek [14] proved density of hyperbolicity for the real quadratic
family. About ten years later Kozlovski, Shen and van Strien proved it for
real polynomials of higher degree, by proving that any real polynomial can be
approximated by hyperbolic real polynomials of the same degree [15]. However,
density of hyperbolicity for degree d rational maps on Ĉ is still open.
1.2 Dynamics of holomorphic correspondences
We now outline our main results described in this paper, concerning the families
(1) and (2): these involve generalizations of the concepts presented in Section
1.1. Readers who want to see the proofs - as Welington always did - can find
those concerning family (1) in [16] and [12], and those concerning family (2)
in [17–20].
Part I. We start with an abstract definition of matings between quadratic
maps and PSL(2,Z) (Section 2.1) with the help of Minkowski’s question mark
function. This description dates back to 1994, when the first author together
with C. Penrose [1] started investigating the family Fa. The formal definitions
of limit sets and the connectedness locus CΓ for this family are given in Section
2.2. There we also define a mating between the modular group and a map in
the parabolic quadratic family
Per1(1) = {PA(z) = z + 1/z +A |A ∈ C}/(A ∼ −A),
and present a result which is a significant advance on Theorem 1.1, namely
that for any a ∈ CΓ, the correspondence Fa is a mating between PSL(2,Z) a
parabolic map in Per1(1) (see Theorem 2.1, and figures 4 and 5).
We open Section 2.4 by recalling the existence of a Bo¨ttcher map for the
family Fa when a ∈ CΓ (see Theorem 2.2), and we then use it to construct
periodic geodesics on the regular domain of Fa (an analogue of periodic external
rays). These land (see Theorem 2.3), analogously to the rational external rays
for the quadratic family of polynomials.
By a quite technical and deep argument [12] it can be shown that when a is in
CΓ every repelling fixed point z of Fa is the landing point of exactly one periodic
cycle of geodesics. It follows, as for polynomials, that z has a well-defined
combinatorial rotation number θ = p/q. A geodesic in the cycle is stabilized by
a Sturmian word Wp/q, in α and β, of rotation number p/q (Sturmian words are
defined in Section 2.5: Wp/q is unique up to cyclic permutation for any given
p/q).
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Figure 1: Disks in the τ -plane permitted by the Yoccoz inequality: on the
left for the matings Fa, and on the right for the classical case of quadratic
polynomials. (In each case the disks plotted correspond to all p/q ∈ [0, 1/2]
with q ≤ 8, and to 1/16).
Theorem 1.3 (Yoccoz inequality) Let a ∈ CΓ and z be a repelling fixed
point of fa whose combinatorial rotation number is θ = p/q in lowest terms.
Then there is a branch τ of log f ′a(z) such that
Re τ
|τ − 2piiθ|2 ≥
q2
4p log(dq/pe+ 1) , if θ ≤ 1/2; and
Re τ
|τ − 2piiθ|2 ≥
q2
4(q − p) log(dq/(q − p)e+ 1) , if θ > 1/2.
The inequalities of both Theorems 1.2 and 1.3 have geometric interpreta-
tions as restricting the logarithm of the derivative at a repelling fixed point to
a round disk for each p/q. See Figure 1 for illustrations.
Theorem 1.3 provides a key step in the strategy of the first two authors
to prove that the part MΓ = CΓ ∩ {z : |z − 4| ≤ 3} of the connectedness
locus CΓ of the family (1) is homeomorphic to the connectedness locus M1 of
the parabolic family {z 7→ z + 1z + A : A ∈ C}/(A ∼ −A). With the result
announced by Carsten Peterson and Pascale Roesch that M1 is homeomorphic
to the Mandelbrot set M [21], this will finally prove the long-standing conjecture
that MΓ (pictured in Figure 6) is homeomorphic to M .
Part II. The last Section 3 describes the dynamics of hyperbolic correspon-
dences in the family (2). We start by defining Julia sets (see Figure 7 for
an example). The main subject is the generalization of holomorphic motions,
which involves the construction of a solenoid associated to the Julia set of
fc(z) = z
β + c (Theorem 3.3). For parameters c close to zero, the dynamics of
zβ +c on its Julia set Jc is the projection of a (single-valued) dynamical system
fc : U → U given by as holomorphic map defined on a subset U ⊂ C2. The
maximal invariant set of fc is a solenoid whose projection is Jc. The projection
of the holomorphic motion in C2 yields a branched holomorphic motion on the
plane, as defined by Lyubich and Dujardin [22] for polynomial automorphisms
of C2. Branched holomorphic motions are described in greater generality for
the family (2) in [17].
The advantage of the solenoid construction is that it makes possible to
apply certain techniques of Thermodynamic Formalism to the family of maps
fc : U → U and use them to estimate the Hausdorff dimension of Jc. For
example,
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Theorem 1.4 (Hausdorff dimension) If q2 < p then for every c sufficiently
close to zero,
dimH Jc < 2,
where dimH denotes the Hausdorff dimension of Jc.
In the family of Figure 2 we have p = 5 and q = 2. Since 22 < 5, it follows
that Jc is the projection of a solenoid having zero Lebesgue measure. The
assumption q2 < p may not be sharp. The essential idea is that dimH Jc → 2
as β → 1, which is supported by many experiments.
Figure 2: Julia sets of zβ + c, where β = 5/2 is fixed. The values of c are,
respectively, 0.05, (1+ i)/5, 0.7 and 2+ i, read from upper-left to bottom-right.
It starts as a circle at the singularity c = 0, but the first figure reveals that Jc is
the shadow of a solenoid for every c close to zero with c 6= 0. As we perform the
branched motion, more bifurcations are added to Jc. The complexity increases
up to a certain moment (third to fourth steps) when the process reverses and
Jc becomes a Cantor dust. The first three are connected and the fourth is a
Cantor set. In this family, Jc is a Cantor set for |c| sufficiently large.
Notation and terminology.
1. Holomorphic correspondences are denoted by F ,G, . . . in the context of
matings, or by f ,g, . . . when studying hyperbolic multifunctions.
2. By the term multifunction we mean any multivalued map. Every multi-
function maps points to subsets.
3. S1 = {z ∈ C : |z| = 1}, Ĉ = C ∪ {∞}, H = {z = x+ iy ∈ C : y > 0}, and
fn = f ◦ · · · ◦ f︸ ︷︷ ︸
n
.
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4. Γ = PSL(2,Z) is the modular group consisting of all Mo¨bius transforma-
tions
z 7→ az + b
cz + d
,
where ad − bc = 1 and a, b, c, d ∈ Z. The operation is the standard com-
position ◦. The generators of the modular group that we shall use are the
maps
α(z) = z + 1 and β(z) =
z
z + 1
.
Consider
P (z, w) = (w − (z + 1))(w(z + 1)− z) = 0. (4)
The grand orbits of PSL(2,Z) on H are identical to those of the holomor-
phic correspondence H : Ĉ→ Ĉ determined by P (z, w) = 0.
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2 Mating quadratic maps with PSL(2,Z)
Recall that in the case of hyperbolic quadratic polynomials fc(z) = z
2 + c, the
topological mating between fc and fc′ is the map
g :
Kc ∪Kc′
∼ →
Kc ∪Kc′
∼
induced by fc and fc′ on the quotient space, where ∼ is the smallest closed
relation such that ϕc(z) ∼ ϕc′(z), for every z ∈ S1 (ϕc is the boundary extension
of the Bo¨ttcher coordinate and Kc is a copy of the filled Julia set). The two
maps are matable if the quotient space is a sphere, and g can be realized as a
rational map. By applying Thurston’s characterization of rational maps among
critically finite branched coverings of the sphere, Tan Lei ( [23]) and Mary Rees
( [24]) proved that two quadratic polynomials fc, fc′ with periodic critical points
are matable if and only if c and c′ do not belong to complex conjugate limbs of
the Mandelbrot set.
Matings can also be constructed between Fuchsian groups: by applying
the Bers Simultaneous Uniformization Theorem certain Fuchsian groups can
be mated with (abstractly isomorphic) Fuchsian groups to yield quasifuchsian
Kleinian groups. (See [25] for a discussion of matings in various contexts in
conformal dynamics.) What is a surprise when first encountered is that certain
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Fuchsian groups can be mated with polynomial maps (see Section 2.1). This
is achieved in a larger category of conformal dynamical systems, containing
both rational maps and finitely generated Kleinian groups, the category of
holomorphic correspondences on the Riemann sphere. These are multifunctions
F : Ĉ → Ĉ, for which there is a polynomial P (z, w) in two complex variables
such that F(z) =
{
w ∈ Ĉ : P (z, w) = 0
}
.
2.1 Mating quadratic polynomials with PSL(2,Z)
Examples of matings between quadratic polynomials and the modular group
were discovered by the first author and Christopher Penrose in the early ’90s. To
understand their existence we first consider how one can construct an abstract
(topological) model (see also [1] and [26] for more details).
Topogical mating: Minkowski’s question mark function. Let
h : Rˆ≥0 → [0, 1]
denote the homeomorphism which sends x ∈ R represented by the continued
fraction
[x0;x1, x2, . . .] = x0 +
1
x1 +
1
x2 +
1
x3 + . . .
to the binary number
h(x) = 0. 1 . . . 1︸ ︷︷ ︸
x0
0 . . . 0︸ ︷︷ ︸
x1
1 . . . 1︸ ︷︷ ︸
x2
. . .
This is a version of Minkowski’s question mark function [27]. It conjugates
the pair of maps α : x→ x+ 1, β : x→ x/(x+ 1) to the pair of maps t→ t/2,
t→ (t+ 1)/2 (the inverse binary shift).
If the Julia set J(fc) of fc : z → z2 + c is connected and locally connected
then the Bo¨ttcher map ϕc : Ĉ\D→ Ĉ\K(fc) extends to a continuous surjection
S1 → J(fc), which semi-conjugates the map z → z2 on S1 (the binary shift)
to the map fc on J(fc). We deduce that we may use the homeomorphism h
described above to glue the action of f−1c on J(fc) to that of α, β on Rˆ≥0/{0∼∞}.
Equally well we can glue the action of f−1c on J(fc) to that of α−1, β−1 on
Rˆ≤0/{0∼−∞}.
We now take two copies K− and K+ of the filled Julia set Kc of fc and
glue them together at the boundary point of external angle 0 to form a space
K− ∨K+. Each point z ∈ Kc has a corresponding z′ defined by fc(z′) = fc(z).
Consider the (2 : 2) correspondence defined on K− ∨K+ by sending
• z ∈ K− to fc(z) ∈ K− and to z′ ∈ K+;
• z ∈ K+ to f−1c (z) ∈ K+.
It is an elementary exercise to check that this correspondence on K− ∨K+
can be glued to the correspondence defined by α and β on the complex upper
half-plane using the homeomorphisms Rˆ≥0/{0 ∼ ∞} → ∂K− and Rˆ≤0/{0 ∼
−∞} → ∂K+ defined above. Thus we have a topological mating between the
action of the modular group on the upper half-plane and our (2 : 2) correspon-
dence on K− ∨K+.
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Holomorphic mating. Reassured by the existence of this topological con-
struction, we define a (holomorphic) mating between a quadratic polynomial
fc, c ∈ M and Γ = PSL(2,Z) to be a (2 : 2) holomorphic correspondence F
such that:
1. there exists a completely invariant open simply-connected region Ω and a
conformal bijection ϕ : Ω→ H conjugating F|Ω to α|H and β|H;
2. Ĉ \ Ω = Λ = Λ− ∪ Λ+, where Λ− ∩ Λ+ = {P} (a single point) and there
exist homeomorphisms φ± : Λ± → Kc conjugating respectively F|Λ− to
fc|Kc and F|Λ+ to f−1c |Kc
In 1994 the first author and C. Penrose proved that for all parameters a in
the real interval [4, 7], the correspondence Fa is a mating between a quadratic
polynomial fc(z) = z
2 + c, c ∈ [−2,+1/4] ⊂ R and the modular group Γ =
PSL(2,Z) (see [1]).
2.2 The regular and limit sets of Fa
Consider the family of holomorphic correspondences Fa : Ĉ → Ĉ, defined by
the polynomial equation (1). The change of coordinate φa : Ĉ→ Ĉ given by
φa(z) =
az + 1
z + 1
conjugates Fa to the correspondence
J ◦ CovQ0 , (5)
where J is the (unique) conformal involution fixing 1 and a, and CovQ0 is the
deleted covering correspondence of the function Q(z) = z3, that is to say, the
correspondence defined by the relation
Q(w)−Q(z)
w − z = 0, i.e. z
2 + zw + w2 = 3.
So Fa and J ◦CovQ0 are the same correspondence in different coordinates, and
in that sense we write Fa = J ◦ CovQ0 .
By a fundamental domain for CovQ0 (respectively J) we mean any maximal
open set U which is disjoint from CovQ0 (U) (respectively J(U)). We require our
fundamental domains to be simply-connected and bounded by Jordan curves
(see Figure 3).
Klein combination locus. Let P = 1 denote the common fixed point of
CovQ0 and J. The point P is a parabolic fixed point. The Klein combination
locus K is the subset of C consisting of all a for which there are fundamental
domains ∆Cov and ∆J of Cov
Q
0 and J , respectively, such that
∆Cov ∪∆J = Ĉ \ {P}.
We call such a pair of fundamental domains a Klein Combination pair.
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Figure 3: Standard fundamental domains for CovQ0 and J. The curve in blue
is CovQ0 ((−∞,−2]). The region to the right of this curve is a fundamental
domain ∆Cov of Cov
Q
0 . The unbounded region determined by the red circle is
a fundamental domain ∆J of the involution J. The parabolic fixed point P is
the point 1.
In [16] we show that {a ∈ C : |a− 4| ≤ 3, a 6= 1} ⊂ K, and that when a is in
the interior of this disk the standard fundamental domains (see figure 3) are a
Klein combination pair. More generally we prove that for every a ∈ K, we can
always choose a Klein combination pair whose boundaries ∂∆Cov and ∂∆J are
transversal to the attracting-repelling axis at P .
Now suppose a ∈ K and let ∆Cov and ∆J be a corresponding pair of fun-
damental domains of CovQ0 and J such that ∂∆Cov and ∂∆J are transversal to
the attracting-repelling axis at P. It follows that P ∈ Fna (∆), for every n, and
Fa(∆) is compactly contained in ∆ ∪ {P}. By definition,
Λa,+ =
∞⋂
n=1
Fna (∆) (6)
where Fa = J ◦ CovQ0 , is the forward limit set of Fa. Similarly, since ∆Cov is
forward invariant, the complement of ∆Cov is invariant under F−1a and
Λa,− =
∞⋂
n=1
F−na (Ĉ \∆Cov) (7)
is the backward limit set of Fa. The sets Λa,− and Λa,+ have only one point
in common, the point P. Their union, Λa, is the limit set of Fa. An exam-
ple of a plot of a limit set of Fa is displayed in Figure 4. (In this plot we use
the original coordinate system of (1), so P = 0 and J is the involution z ↔ −z.)
We have F−1a (Λa,−) = Λa,−, and the restriction of Fa to this set is a (2 :1)
single-valued holomorphic map denoted by fa. The involution J maps Λa,− onto
Λa,+ and determines a conjugacy from fa to
F−1a : Λa,+ → Λa,+.
The regular domain of Fa is Ωa = Ĉ \ Λa. This set is completely invariant
under Fa (forward and backwards). By the Klein Combination Theorem it
can be shown that if Ωa contains no critical points it is tiled by copies of the
intersection of any pair of Klein combination domains, [28].
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Figure 4: A connected limit set for
Fa, where a = 4.56 + 0.42i.
Figure 5: Julia set of the hybrid
equivalent member of Per1(1).
Connectedness locus. The connectedness locus CΓ of the family Fa is the
subset of K consisting of all a such that the limit set Λa is connected. When
a ∈ CΓ, the regular domain Ωa contains no critical points, and moreover is
simply connected.
Bullett and Penrose [1] conjectured that for every a ∈ CΓ, the correspon-
dence Fa is a mating between some quadratic map fc(z) = z2 + c and the
modular group PSL(2,Z). More recently, this conjecture was settled affirma-
tively by Bullett and Lomonaco [16], provided the quadratic family is replaced
by a quadratic family of parabolic maps (see figures 4 and 5).
2.3 Mating parabolic maps with PSL(2,Z).
The family Per1(1) consists of quadratic rational maps of the form PA(z) =
1 + 1/z +A, where A ∈ C. The maps in Per1(1) all have a persistent parabolic
fixed point at ∞ and critical points at ±1. The connectedness locus for the
family Per1(1) is the parabolic Mandelbrot set M1, which has been proved to
be homeomorphic to the Mandelbrot set by C. Petersen and P. Roesch ( [21]).
We say that Fa is a mating between PA and PSL(2,Z) if:
1. on the completely invariant open simply-connected region Ωa there exists
a conformal bijection ϕa : Ωa → H conjugating Fa : Ωa → Ωa to α|H and
β|H; and
2. the (2 :1) branch of Fa which fixes Λa,− (given by the holomorphic map
fa) is hybrid equivalent to PA on the backward limit set Λa,−.
In [16], using the theory of parabolic-like maps developed by the second
author (see [29]), the first two authors proved the following (see figures 4 and
5):
Theorem 2.1 For every a ∈ CΓ, the correspondence Fa is mating between a
parabolic map in Per1(1) and PSL(2,Z).
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Figure 6: A plot of MΓ = CΓ ∩ {z : |z − 4| ≤ 3}, which is conjecturally
homeomorphic to the Mandelbrot set [1].
The following conjecture has been open for at least 20 years [1]:
Conjecture 2.1 The Mandelbrot set is homeomorphic to MΓ.
The first two authors have developed a detailed strategy for proving that
MΓ is homeomorphic to M1. This, together with the proof by Petersen and
Roesch that M1 is homeomorphic to M , would finally prove Conjecture 2.1. A
key step in the strategy to prove that MΓ is homeomorphic to M1 makes use of
a Yoccoz inequality for matings, which we prove using a generalization of the
technique of external rays (the subject of the next section).
2.4 Periodic geodesics
Bo¨ttcher coordinates. Consider the holomorphic correspondence H on the
upper half-plane obtained from the generators α(z) = z+1 and β(z) = z/(z+1)
of PSL(2,Z), i.e. defined by the polynomial equation (4). As part of the proof
of Theorem 2.1 it is shown in [16] that:
Theorem 2.2 (Bo¨ttcher map) If a ∈ CΓ, there is a unique conformal home-
morphism ϕa : Ωa → H such that
H ◦ ϕa = ϕa ◦ Fa.
By the Schwarz lemma, the Bo¨ttcher map is an isometry with respect to
the hyperbolic metric, and maps geodesics to geodesics. Geodesics in Ωa, or
equivalently in H, play a role for the correspondences Fa analogous to the role
played by external rays for quadratic polynomials fc.
Periodic geodesics land. By a finite word in α and β we mean any Mo¨bius
transformation
W = g1g2 · · · gn := g1 ◦ · · · ◦ gn,
where gi ∈ {α, β}. We can compose words in the obvious way, and also consider
infinite sequences (gi)
∞
1 and bi-infinite sequences (gi)
∞−∞.
A geodesic γ in the hyperbolic plane is said to be periodic if W ◦ γ = γ
for some finite word W . (Note that W must include both the letters α and β,
since these being parabolic transformations of H there are no geodesics invariant
under either).
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Since H is geodesically complete, γ is a curve R→ H, and the limits
γ(−∞) := lim
t→−∞ γ(t), γ(∞) := limt→∞ γ(t)
are by definition the landing points of γ. Every periodic geodesic lands on the
hyperbolic plane, and the landing points are in R ∪ {∞}.
If a ∈ CΓ, the regular domain is a hyperbolic Riemann surface, that is, it has
a unique complete metric of constant curvature −1 determining its geometry.
A geodesic γˆ in Ωa is periodic if ϕa ◦ γˆ is a periodic geodesic of H.
We say that a periodic geodesic γˆ : R → Ωa lands if the limits γˆ(∞) and
γˆ(−∞) exist. They are the right and left landing points, respectively.
Theorem 2.3 If a ∈ CΓ, then every periodic geodesic lands. The left landing
point belongs to Λa,− and the right landing point is in Λa,+.
As a corollary, the Bo¨ttcher map extends to all landing points of periodic
geodesics. Indeed it extends to all landing points of preperiodic geodesics, and
moreover these correspond under ϕa to the set of all quadratic irrationals in R
(the set of real numbers with preperiodic continued fraction expansions).
2.5 Repelling fixed points, and Sturmian sequences
The following result is again analogous to a result for quadratic polynomials,
but the proof is quite technical and deep (even more so than in the case of
polynomials, which is already difficult, see [12]), and at present we only have a
proof for repelling fixed points, whereas for polynomials it is known for repelling
and parabolic cycles:
Theorem 2.4 A repelling fixed point in Λ−(Fa) of a correspondence Fa with
a ∈ CΓ is the landing point of exactly one periodic cycle of geodesics.
This theorem has the consequence that to a repelling fixed point z ∈ Λ− of a
correspondence Fa with a ∈ CΓ we can associate a periodic geodesic γˆ which
lands there, and a finite word W in α and β which fixes ϕa ◦ γˆ. Letting fa
denote the (locally defined) branch of Fa which fixes z, we deduce that since
fa is locally a homeomorphism the cyclic order of the images of γˆ around z
is preserved by fa. Thus fa has a well-defined combinatorial rotation number
around z, and this number is rational.
Sturmian sequences. Recall that a sequence (si) ∈ {0, 1}N is Sturmian if,
for every n, the number of 1′s in any two blocks of length n differs by at most
one. There is an obvious equivalent definition for bi-infinite sequences.
If (si) is Sturmian, then the points of the orbit of x = 0.s1s2 . . . (binary)
under f(z) = z2 on the unit circle are necessarily in the same order as the
points of some rigid rotation Rθ, and vice versa. This θ is uniquely determined;
it is by definition the rotation number of (si). Equivalently, θ is the limiting
frequency of 1′s in the sequence [30].
For each rational p/q (modulo 1) in lowest terms, there is a unique (up to
cyclic permutation) finite word Wp/q = (si) ∈ {0, 1}q such that the orbit of
x = 0.s1 . . . sq under f(z) = z
2 is in the same order around the circle as the
points of an orbit of the rigid rotation Rp/q (here s1 . . . sq denotes a recurring
block). For example W1/3 = 001, and W2/5 = 00101.
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We call Wp/q the finite Sturmian word of rotation number p/q, since the
bi-infinite sequence made up of repeated copies of Wp/q is the unique (up to
shift) periodic Sturmian sequence of rotation number p/q. Finally we remark
that there is nothing special about the symbols 1 and 0: identical terminology
for Sturmian sequences and words may be applied if we replace 1 and 0 by α
and β respectively.
We now return to the situation that a ∈ CΓ, and z is a repelling fixed point
of fa : Λa,− → Λa,−. If γˆ is a periodic geodesic landing at z, it has a combina-
torial rotation number p/q (by Theorem 2.4), and any finite word W in α and
β which fixes ϕa ◦ γˆ is Sturmian, hence (a cyclic permutation of) a power of
Wp/q. By establishing and applying bounds for the eigenvalues of the Sturmian
words Wp/q in α and β, we prove our Yoccoz inequality, Theorem 1.3 (see [12]).
3 Hyperbolic correspondences
We now turn to the study of the one parameter family of holomorphic corre-
spondences defined by (2). This family is perhaps the simplest generalization
of the quadratic family as a multifunction.
It will be useful to recall some well-known facts directly related to the dy-
namics of fc(z) = z
β + c when β > 1 is a rational number.
Hyperbolic quadratic maps. The notion of hyperbolicity can be given in
several equivalent forms. According to the simplest one, fc(z) = z
2 + c is
hyperbolic if fnc (0) converges to an attracting cycle (finite or infinite).
Since every finite attracting cycle attracts the orbit of a critical point, the
map fc can have at most one finite attracting cycle. Any quadratic map with a
finite attracting cycle corresponds to a point in the interior of the Mandelbrot
set M, and an equivalent form of the Fatou conjecture states that this is the
only possibility for a quadratic map in the interior of M.
On the other hand, if c is in the complement of M, then Jc is a Cantor set
and fc is hyperbolic because f
n
c (0)→∞.
The closure of attracting cycles is denoted by J ∗c . It turns out that fc is
hyperbolic iff the basin of attraction of J ∗c is Ĉ \ Jc. For this reason, we call
J ∗c the dual Julia set of fc.
This equivalent definition of hyperbolicity should be preserved in any gen-
eralization, mainly because of its intrinsic dynamical significance.
We shall use this equivalent property to define hyperbolic correspondences
and centers in the family fc(z) = z
β+c, but first we need to extend the concepts
of orbit, Julia set and multiplier of a cycle.
Cycles. Consider the family (2). Every sequence (zi)
∞
0 for which the points
satisfy zi+1 ∈ fc(zi) is a forward orbit. A backward orbit is characterized by
zi+1 ∈ f−1c (zi). If ϕ : U → C is an injective holomorphic map from a region U of
the plane such that ϕ(z) ∈ fc(z), for every z in U, then ϕ is a univalent branch
of fc. By a cycle we mean any periodic forward orbit with minimal period n.
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The quantity
λ =
n−1∏
0
ϕ′i(zi),
where ϕi is the unique univalent branch taking zi to zi+1, is the multiplier of
the cycle. If z = 0 then there is no univalent branch defined at z; if some point
of the cycle is 0, then by definition λ = 0.
The cycle is repelling if |λ| > 1, and attracting if |λ| < 1.
Julia sets. The Julia set of fc, denoted by Jc, is the closure of the union of all
repelling cycles of fc. Similarly, the dual Julia set J ∗c is the closure of the union
of all finite attracting cycles. The dual Julia set containing the attracting fixed
point ∞ is denoted by J e∗c = J ∗c ∪ {∞}.
Figure 7: The Julia set of z 7→ z 32 + 2.
Filled Julia set. For every c there is bounded disk B centered at 0 whose
complement is invariant under fc, and every forward orbit of a point in C \ B
converges exponentially fast to ∞.
We define
Kc =
⋂
n>0
f−nc (B) (8)
as the filled Julia set of fc. A point z belongs to Kc iff there is at least one
bounded forward orbit under fc starting at z. The restriction fc|Kc is denoted
by gc : Kc → Kc.
Hyperbolic correspondences. The ω-limit set of a point z, denoted ω(z),
consists of every ζ such that zik → ζ as k → ∞, for some bounded forward
orbit (zi) starting at z0 = z, and some subsequence (zik). We may use ω(z, fc)
to make explicit the dependence on the dynamics of fc.
The dual Julia set is a hyperbolic attractor for gc if J ∗c is gc-forward invariant
and supports an attracting conformal metric ρ(z)|dz|, in the sense that
sup
z,ϕ
‖ϕ′(z)‖ρ < 1,
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where the sup is taken over all z ∈ J ∗c and all univalent branches ϕ of fc at z
such that ϕ(z) ∈ J ∗c . It is implicit in this definition that J ∗c does not contain
the critical point, for then no univalent branch is defined at 0.
If J ∗c is a hyperbolic attractor for gc, then the basin of attraction of J ∗ec is
well defined (in other words, it contains a neighborhood of J ∗ec ) and consists of
all z such that ω(z) ⊂ J ∗ec .
Definition 3.1 (Hyperbolicity) We say that fc is hyperbolic if J ∗c is a hy-
perbolic attractor for gc and the basin of attraction of J e∗c is Cˆ \ Jc.
Carpets and connectedness locus. A connected compact subset of the
plane is full if its complement in the Riemann sphere is connected.
A set Λ ⊂ C is a hyperbolic repeller of fc if (i) f−1c (Λ) = Λ; and (ii) Λ
supports an expanding conformal metric defined on a neighborhood of Λ. (See
[17]). A filled Julia set Kc is a Carpet if (i) Kc is connected but not full; and
(ii) Kc is a hyperbolic repeller.
Intuitively, every Carpet presents holes, and by the contraction of the branches
of f−1c , every hole comes with infinitely many small copies.
We say that Kc is a Cantor repeller if Kc is a hyperbolic repeller and also
a Cantor set. In this case, Jc = Kc.
The connectedness locus Mβ of the family fc is by definition the set of all
parameters c for which Kc is connected.
Another important subset of the parameter space is
Mβ,0 = {c ∈ C : 0 ∈ Kc}. (9)
Notice that both sets generalize the definition of Mandelbrot set for the quadratic
family, but if β is not an integer, there is no reason to believe that Mβ = Mβ,0.
Figure 8: Filled Julia sets in the family fc(z) = z
β + c, where β = 5/4. In the
first figure (left), Kc is a full compact set corresponding to c = 3 + 2i. In the
second we have a Carpet for c = 26. If |c| is sufficiently large, Kc is a Cantor
repeller. Since the Mandelbrot set M is contained in a disk of radius 2 around
the origin, the fact that c = 26 and Jc is still connected seems odd. However,
this is one of the main features of the family (2), and it is experimentally clear
that Mβ tends to cover the plane as β → 1 + .
Theorem 3.1 If β = p/q and p is prime, then Kc is either full, a Carpet, or
a Cantor repeller.
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If p is prime, it is possible to show that Mβ,0 ⊂ Mβ, in other words, Kc is
connected if 0 ∈ Kc. If c is in Mβ −Mβ,0 then Kc is a Carpet, and if c is in the
complement of Mβ, then Kc is a Cantor repeller.
Centers. A center is a point c of the parameter space such that
gnc (0) = {0},
for some n > 0. This definition is motivated by a well-known fact from the
quadratic family, where every bounded hyperbolic component U has a center
[5, 6] defined as the unique point c ∈ U for which the multiplier of the finite
attracting cycle of fc is zero.
Hence, in the case of the quadratic family, the number of bounded hyperbolic
components is countably infinite, and every such component is encoded by a
solution of fnc (0) = 0, for some n > 0.
Simple centers. A center is called simple if there is only one orbit of 0 under
gc, and this orbit is necessarily a cycle containing 0.
Let Sd = {a ∈ C : ad−1 = −1}, for d > 1. For every pair (d, a) in the infinite
set ⋃
d>1
{d} × Sd,
the point a is a simple center of family of the holomorphic correspondences
fc : z 7→ w given by (w − c)2 = z2d. Indeed, it was shown in [17] that the first
two iterates of 0 under fa are 0 7→ a 7→ an+a = 0 and 0 7→ a 7→ −an+a = −2an,
where −2an is a point in the basin of infinity of fa.
Open problems. A fundamental program for the family fc(z) = z
β + c is
given by the following problems:
I. Show that every perturbation of a center corresponds to a hyperbolic
correspondence;
II. Show that the set M ′β of hyperbolic parameters is indeed open and every
component of M ′β is encoded by a center;
III. Decide if the set of parameters for which c 7→ Jc is continuous in the
Hausdorff topology is open and dense (computer experiments seem to
support this statement);
IV. Show that every component of C \ ∂Mβ is hyperbolic.
V. Classify Julia sets with zero Lebesgue measure.
The first Problem I can be solved with a generalization of the proof of The-
orem 3.2 (see [19] for a detailed exposition); the second is very realistic but still
unresolved; the third is in many aspects a generalization of the celebrated work
of Man˜e´, Sad and Sullivan [7] (see also [17] and Section 3.1 for a discussion of
holomorphic motions in the family (2)) ; and the fourth and fifth may be as dif-
ficult as the Fatou conjecture (which has been open for a century). Indeed, the
Fatou conjecture is equivalent to the following assertion [7]: if c is in the interior
of the Mandelbrot set, then the Julia set of fc(z) = z
2 + c has zero Lebesgue
measure. Theorem 1.4 is perhaps the first result towards this classification.
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Theorem 3.2 (Hyperbolicity) If c is in the complement of Mβ,0, or c is
sufficiently close to a simple center, then fc is hyperbolic.
3.1 Holomorphic motions
Quasiconformal deformations of Julia sets in the family fc can be explained
by the theory of branched holomorphic motions introduced by Lyubich and
Dujardin [22] for polynomial automorphisms of C2. For more details, see [17].
First, let us recall some classical facts about holomorphic motions.
Let Λ ⊂ Cn and U ⊂ C be an open set. A family of injections hc : Λ→ Cn
is a holomorphic motion with base point a ∈ U if (i) ha is the identity, and (ii)
c 7→ hc(z) is holomorphic on U , for every z fixed in Λ.
Branched holomorphic motions. Let Λ and U be subsets of C and suppose
U open and nonempty. A branched holomorphic motion with base point a ∈ U
is a multifunction h : U×Λ→ C with the following properties: (i) h(a, z) = {z},
for every z ∈ Λ. In other words, ha = h(a, ·) is the identity; and (ii) there is a
family F of holomorphic maps f : U → C such that⋃
z∈Λ
Gz(h) =
⋃
f∈F
G(f),
where G(f) = {(z, fz); z ∈ U} is the graph of f and Gz(h) is the graph of
c 7→ hc(z).
The key difference in the definitions of branched and (non-branched) holo-
morphic motion is that bifurcations are allowed in the branched family, so that
hc(z) is a set instead of a single point.
3.2 Solenoidal Julia sets.
Recently, Siqueira and Smania have presented another way of interpreting
branched holomorphic motions on the plane as projections of (non-branched)
holomorphic motions on C2. The method is general and applies to every hyper-
bolic Julia set [17], but we shall restrict to bifurcations near c = 0.
There is a family of holomorphic maps fc : U0 → V0 such that U0 and V0
are open subsets of C2, the closure of U0 is contained in V0, and the maximal
invariant set
Sc =
∞⋂
n=1
f−nc (V0)
is the closure of periodic points of fc. (All periodic points are repelling in a
certain generalized sense, see [17]). This description holds for every c in a
neighborhood of zero. The dynamics of fc on Jc is a topological factor of
fc : Sc → Sc, in the sense that pi(Sc) = Jc and pi sends two points in Sc related
by fc to two points in Jc related by fc: pifc(x) is an image of pi(x) under fc, for
every x ∈ Sc.
Let pic : Sc → Jc denote the projection (z, w) 7→ z.
Theorem 3.3 (Holomorphic motions) There is a holomorphic motion hc :
S0 → C2 with base point c = 0 such that
1. hc(S0) = Sc and hc is a conjugacy (homeomorphism) from f0 : S0 → S0
to fc : Sc → Sc.
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2. the projected motion hc(z) = pic ◦ fc ◦ pi−10 (z) is a branched holomorphic
motion mapping J0 = S1 to Jc = hc(S1).
3. S0 is a solenoid, and fc is hyperbolic, for every c in U.
See [17] for the solenoidal description of S0 (indeed, S0 is the Williams-Smale
solenoid for certain values of p and q).
In Figure 2, the motion of Jc is illustrated in four steps.
3.3 Conformal iterated function systems
Dual Julia sets J ∗c in the family (2) often appear as limit sets of conformal
iterated function systems (CIFS). This phenomenon is easy to explain when c
is close to zero, and very convenient to motivate further generalizations.
Indeed, using the contraction of fc around z = 0 one can prove that for every
c 6= 0 close to zero, there is an open disk D such that D1 = fc(D) is another
disk avoiding zero and compactly contained in D.
Since D1 is simply connected, there are q conformal branches fj : D1 → C
such that fc(z) = {fj(z)}j , for every z ∈ D1. Moreover, the images fj(D1) are
disjoint disks. It follows that
fc(D1) ⊂ fc(D) = D1;
and the family of maps fj : D1 → D1 is a CIFS. The limit set of this CIFS is
Λ = ∩nHn(D1), where
H(A) =
q⋃
j=1
fj(A)
is the Hutchinson operator, and A ⊂ D1. The most important fact derived from
this construction is that Λ is the closure of attracting periodic orbits: Λ = J ∗c .
This analysis has many generalizations, including holomorphic motions and
Hausdorff dimension. Theorem 1.4, for example, is stated in great generality
in [20].
In [19] we give a general account establishing a rigidity result which states
that J ∗c is finite at simple centers, but any perturbation of c yields a hyperbolic
correspondence whose dual Julia set is a Cantor set. In the case of c close to
zero, for example, J ∗c is either a Cantor set if c 6= 0 (indeed, Λ comes from a
CIFS without overlaps) or a single point set J ∗0 = {0}.
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